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ABSTRACT

This work is aimed to give some basic definitions of multiplicative Sumudu transform and its properties.
The multiplicative Sumudu transform is obtained by using Sumudu transform and its properties in a
classical analysis as basis. Solving some multiplicative differential equations by this transform is used as an
application.
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1. Introduction

The key to understand multiplicative calculus is a formal substitution, whereby one replaces addition and
subtraction by multiplication and division, respectively. Michael Grossman and Robert Katz began their
development of Non- Newtonian calculus on 14 july 1967.There are infinitely many multiplicative non-
newtonian calculi, including the geometric and bio-geometric calculus. It has been applied in a variety of
scientific, engineering and mathematical fields [1]. However D.Stanley called the geometric analysis as
multiplicative calculus [2].Further study to multiplicative calculus was given by D.Campell [3], then
Bashirov et al. [4] has given concepts of non-Newtonian calculus and its applications including properties
of derivative and integral operators of non-Newtonian calculus. With the passage of time some researchers
[5-12] have proved that multiplicative calculus is very helpful in solving problems related to science and
engineering fields.

In the present paper, we will study multiplicative Samudu transform and its applications. In order to
study this we give definition of multiplicative Samudu transform, Secondly we will give some basic
properties of multiplicative samudu transform as corresponding to classical samudu. In the end we find
solution of some multiplicative differential equations by applying multiplicative samudu transform.

2 .Multiplicative Derivative.

In this section we will present some basic definition and properties of multiplicative derivative which can be
seen in [2-5]

Definition2.1: Let g: R » R* be a positive function. The Multiplicative derivative of the function g
is given by

1
d*g - T g(t+h)\r
L) =g'(®) = lim (L) (2.1)

Let us assume that the function g is a positive then using properties of the classical derivative we can write
multiplicative derivative as

iy 9® :
L9(1) = g' (1) = a0 = e ® (2.2)

for (Inog)(t) =In(g(t)).
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Definition 2.2: If g is a positive function and if g* is a multiplicative derivative of g, now if the function
g* has also multiplicative derivative which is given by g** and it is called second order multiplicative
derivative of g. Similarly we can define g*™. which is called nth order multiplicative derivative of g. By
repeating multiplicative differentiation operation n-times, we will find nth order multiplicative derivative of
the positive function g at the point t which defined as

g*M™ = o)™ ® (2.3)
Theorem 2.1: Let g and h be differentiable with the multiplicative derivative .If ¢ be arbitrary constant,

then c.g,gh,g+h,g/h,gh functions are differentiable with the multiplicative derivative and their
multiplicative derivatives can be shown as

Llc.g)"(®) = g7°(0),
2.(g-h)*(8) = g"(©).h* (1),

h(t)

@®)
3.(g + )’ (1) = " (T R (£)FOH®

4.(9/,) =" /0 @),

5.(gM* (1) = g*(O"Pg(t)r'®

Theorem 2.2: If a positive function g is differentiable with the multiplicative derivative at the point ¢, then
it is differentiable in the classical sense and the relation between these two derivatives can be shown as

g'(®) =g Ing”(t) (2.4)
Theorem 2.3: g*(t) = 1forV t € (a,b) < g(t) = c > 0 is fixed function in open interval (a,b)

Theorem 2.4: Let h be differentiable in meaning of the multiplicative derivative, g be differentiable in the
classical sense. If

g(t) = (hok)(1),

Then, it can be written by

g'(® = [h* (k@) ® (2.5)
Theorem 2.5: Let g be a positive function then, g*(t) = 1< g'(t) =0
Multiplicative integrals

Definition2.3: A multiplicative integral is also defined in [4] for positive bounded functions and if g is
Riemann integrable on [a,b], then

b b
b
fg(t)dt =exp flng(t) dt | = elang®)at (2.6)

a a
This multiplicative integral has the following properties
b k

b
@ f ((g(Byy = f g% |, Wherek €R

a
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b

(b) fb(g(t)h(t))‘” = fg(t)dtfbh(t)dt

a

© fg(t) w29
h“) RGO

(d) fg(t)dt = fg(t)dtfg(t)dt asc<bh

Where g and h are multiplicative integrable [a, b].
3. The Multiplicative Sumudu Transform

In this section we will give the features of this new transform by defining multiplicative Sumudu transform
with the help of Sumudu transform of classical analysis.

Definition 3.1 Let f(t) be a positive definite function given on the closed interval [0,c0). Then
multiplicative samudu transform of f(t) is defined as

_pdt

Sm{f(t)} — Fm(u) _! %fooof(t)e(i) - e%fowe_?lnf(t)dt = Snf(t)} (3.1)

Here, multiplicative integral, which is defined as

ff(t)dt — efgolnf(t)dt 3.2)
0
has been used.

According to definition of multiplicative sumudu transform, multiplicative samudu transform of some basic
functions can be given as the following expression.

1 rco -t
S, {1} = E, (1) = eulo mMewat _ 4 (3.3)
S {et} = eSlne} = oSt} = pu (3.4)
aty — ,S{lne%} _ -
Sqn{e*}=e ei-au (3.5)
1
S {eost} = eSnecsey _ s (3.6)
1. u
S feame) = eStnea™ ) = oo (37)
Sm{ecoshat} — eS{lneCOShat} — eﬁ (3.8)
s, {eisinhat} oSUnea® ™y _ iy (3.9)

Theorem 3.1 (Multiplicative Linearity Property)
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Multiplicative Sumudu transform is multiplicatively linear, in other words, if ¢; ¢, are arbitrary exponents

and f; ,f, are two given functions , which have multiplicative sumudu transform then

'Sm{fIleZCZ} = Sm{fl}cl 'Sm{fz}cz (310)
Theorem 3.2 (Multiplicative first shifting property)
Let multiplicative Sumudu transform of function f(t) be S,,{f(t)} = E,(u), then
a 1
Snlf (°"} = ek, { =] (3.12)
1 (00 pat =t
Proof: 8, {f(t)¢*} = eulo Unf@)* ewwar
_ e%f:olnf(t)e_t(%_a)dt
Now making substitution —t (l — a) =x
u
S {f () = el (e
at 1 u
Smif(®)°"} = eTwaFy, {m}
Theorem 3.3 (Multiplicative second first shifting property)
1, 0<t<a
Let S, (GO} = F,(u) and G(t) = { fal N 4y (3.12)
then S {G()}=F,(w)°*"* (3.13)
1 00 4
Proof: Sp{G(0)} = ewlo MmE®ewat
1 ra _—t 1 (00 _—t
— eﬂfo In(eu dt+- fa Inf(t—a)ew dt
Here first integral is zero use substitution for 2" integral we get
1 00 —(a+x)
Sn{G(D)} = eulo S ax
_—a l e njx E_Tx X
SnlG(D)) = eel3 w0
)
{%fgolnf(x)erx}
SniG®)} =e
SmiG(D)} = Fp(w)™
Theorem 3.4: (Multiplicative change of scale property)
Let S,,{f (t)} = E, () then we have
Smif (at)} = Ey(ua) (3.14)
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Proof: we know by definition

-t
S, {f(at)} = eulo nflavewat

Now by making substitution at = x
Smif(at)} = eif:olnf(x)e(m%)dx

Smif(at)} = Ep(ua)
Theorem 3.5: Let S, {f(t)} = E,(u) then

Su & ] = B

Proof: we will prove this theorem by induction

'Sm{f(t)} = Fm(u) = %fooof(t)e(%)

&

Sm{f(t)} = Fm(U) = e%f;o In f(t)eudt

Consequently taking multiplicative derivative of this expression we have

-t
d) Li®mrwewat
d* ( 1 - a{e” .
Fn' (W) = 7= {eufo lnf(t)e”dt} =e

t—u\ —¢

-t
_(EYiemroevar _ L an s e a

Bew= saffol@) = s, {[f(t)](t—i‘) }
and we get the following equality
t—uy!
Sm {[f(t)](7) } = B ()

Let us assume the hypothesis holds for the case n = k. then we have

1 oo(t—u

k -t t—u\K
Now if the multiplicative derivative is taken again for the last equation, we have
—un\k+1 oo /t—uy\ Kt -t
E ) =S, {f(t)(tu_Z) + } _ e%fﬂ (=) T nf) ewar
Similarly if we repeat multiplicative derivative n- times we will get
o (&
Fmw = sa{lf@1) |

This proves the theorem.

(3.15)
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Theorem 3.6 (Multiplicative convolution theorem).
If S {{F(w)}=f() and S, {G(w)}=g(t) ,then

S H{Ea @)@} = = [ f ()90 (3.16)
Proof: Applying multiplicative sumudu transform to integral %fotf(x)g(t‘x)dx we get,

1

t
Sm lff(x)g(t—x)dx e {eafotg(t—x)lnf(x)dx}
u
0

1.t
=[5 g(t—x)In f(x)dx
_ es{ln{eu 0 }} _ es{%f;g(t—x) lnf(x)dx}
From the convolution property of classical analysis, we have

‘Sm {l fotf(x)g(t—x)dx } — eS{lnf(x)} S{g ()}
u

Sm {l fotf(x)g(t—x)dx } _ es{lnf(x)} S{g(x)}
u

Sm {i fotf(x)g(t_x)dx } = Fm(u)G(u)

Ly FOSEI = 5,7 (R ()69}

Definition 3.2 Let f(t) be a positive definite function given on the closed interval [0,00) and In f(¢t) be a
function given on the interval [0,00) if their exist positive constant t, k and a such that

IF (O] < ke®™ (3.17)
For t > t, then f is said to be of a-double exponential order.
Theorem 3.7(Existence of multiplicative sumudu transform)

Let f(t) be a positive definite function which is of a-double exponential order for t > t, given on the
closed interval [0, o) then for s > a, §,,,{f (t)} exists.

o =t . . g
Proof: we will show that for s > «, integral %fo In f(t)ewdt is convergent, to do this we will divide
integral into two integrals as below

1 o0 1+t -t 1 ,oo -t
= Jy Infde == Inf()ewdt += [ Inf(t)ewdt (3.18)

—t
The first integral in above equation is convergent because of In f(t) and thus In f(t)ew is piece-wise
continuous in the interval [0, t,] .On the other hand, as f(t) is of a-double exponential order
f )] < kee™

Fort > t,, hence forall t > t,

1 -t 1 =t 1 =t
~Inf (D)ew =;eu|lnf(t)|S;eu(lnk-&-e“t)
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= Inf ()ewde < = e [In(k)|dt + - eutotgy

1-ua
to e_to u)
=Inkevw + ——— < oo,fors > «a
(1-ua)

So the second integral of (3.18) is convergent we see that both the integrals on the RHS of exits. Thus for
s> a S, {f(t)} exists.

Theorem 3.8 Let f(t) be a positive definite function which is of a-double exponential order for t > t,,
given the closed interval [0,00) and In f(t) be a piecewise continuous function defined on the interval [0,c0)
then the following holds

lim{f(6)} = e" (3.19)

Proof: from the proof of theorem (3.7) we can write

- -t
Snif (0} < e%fo Inke®®teu dt

t
+at
< eu f lnkeu dt+= fo ( a)dt

sy < &)

For all s> a, then taking limit from both sides as u — oo we get

()

lim kle u
lim{f(t)}Se”l*% ©Y) = ek
u—>0o

Theorem 3.9 Let f be a function of a-double exponential order defined on the interval [0,A] and let f* be a
piece-wise continuous function defined on the interval [0,A], then samudu transform of multiplicative
derivative is

Smif (0} = %F (u) (3.20)

Fors> «a

Proof: S,,{f* ()} = ef(t) = eu’0 FO

Af'@®

— edmuls f(t)e”dt

In the interval [0,A] denote the points of dis-continuities of function f* by t,, t1, t5......... t, using the
points as end-points of domain of integration ,we write the integral as
1] 1 F® ®
"(t) -t t —t "(t) -t t) -t
—ff()ert— f() wdt +— ! eudt + + f eudt
u f (@) f(t) U f(©® U f©®

Using integration by parts method separately to each term on the right hand side of this expression, we get
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-t
eulnf(t)

t }
n
tl tz A

+% fe_?tlnf(t)dt+fe%tlnf(t)dt+"'+ fe%tlnf(t)dt

0 t1 tn

—t
eulnf(t)

ty
+ .t
t1

As f(t) is continuous, domains of integration of the above expression can be combined in one domain
.Thus we write

—t A

1af'(t) =t lfﬁlnf(t)
QU0 f(t)eudt _ eu

} +u—12{f54 e_Tt In f(t)dt}

0

1( =4 1(.4a =t
_ eﬂ{e u 1nf(A)—lnf(O)}+F{f0 eu lnf(t)dt}

A

—A 1
asA—> o,euInf(A) >0 andex®" -1

For > a , then for u > «,

[y

1 A —u
we obtain Sm{f*(t)} = e—lnf(o)e{ufo f®)e }
* = L =
Smif" (O} = 55 Fn (W)
This proves the theorem, if we replace f by f* in above theorem then multiplicative samudu transform of
f** isequal to
1 2
y F)@)
f(0)uf(0)

Using induction we can obtain multiplicative sumudu transform of £*™ as in the following result.

Result: Let f, f* ... £*™=1 be continuous function, f*™ be a piece-wise continuous function on the interval
0< t < A also suppose that there exist positive real numbers k, @ such that

I ()] < ke, |f*(©)] < ke®™ ... |f* @D (t)| < kee™

For t > t, then for s> a multiplicative samudu transform of f*"(t) exists and can be calculated by the
formula
®"
i (3.22)
1
@@ 1)

Snif ()} = —( 7=
f(o)(ﬂ)

Theorem 3.10 Let f; and f, be positive definite continuous functions,

fi = f; ifand only if S, {f1} = Si{f>}-

Proof: f; = f, © Inf; = In f, from the sumudu transform of classical analysis we get

Snfi}=s{lnf} e e} =302} 0 S, {fi} = Sinlfe)
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Definition 3.3.if E,, (u) is the multiplicative samudu transform of a continuous f, i.e,
Snif}=F (3.23)
S H{F} is called as the inverse multiplicative samudu transform of F.

Theorem 3.11 Inverse multiplicative samudu transform is multiplicatively linear. In other words, if ¢4, c,
are arbitrary exponents and f;, f, are two given continuous functions which have multiplicative samudu
transform F;, F, respectively, then

Sm RO} = S THFY S )¢ (3.24)
Proof: Suppose f; and f, are continous functions such that

Fi = Sp{fi} and F, = Sp{f2}

From the definition, we know that
S H{F}=fi and S, R} =/
Using the multiplicative linearity property of multiplicative samudu transform we have
Snlfi™ 29 = S {fi}rSu{fe}2 = FF,
From the definition of inverse multiplicative sumudu transform we obtain
Sm H{FOF,2Y = 91,2 = 8y HF YD Sy H{F)
4. Applications to Multiplicative ordinary differential equation

We have the following formula for multiplicative samudu transforms of multiplicative derivatives

n

1
* F(u)(ﬂ)
Sm{f M} = 11 1\—2 (3.25)
@ F@@ ...
This formula includes multiplicative samudu transform of £, £*f* .......... f*®=D functions, So it can be

used to obtain solution of initial value problem, particularly of multiplicative type with constant
exponentials .we get solution by applying multiplicative fourier transform to both sides of equations of these
problems.

For example, consider the second order ordinary differential equation
M2 =1 (3.26)
y(0) = by, y*(0) = by

Here a; a, and b, b, are constants .Applying multiplicative samudu transform to both sides to both sides
and using the multiplicative linearity property of multiplicative sumudu transform, we get

Sy} Sy 34 Sy} = 8 {13

Now using previous result we obtain
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2 a,

}{Wﬁ} e =1

¥(0)

y(u)(%)
T
y(0)uy*(0)

If the above equation is rearranged, we can write

1
y (e

o) p,

y(uyEt i = {bl[bo](%ﬂh)}

u2

14+uaq+uay

y(w) = {by bl )
Consequently taking inverse multiplicative samudu transform we obtain
y(@©) = S ty(w)
This method can be applied to any order of linear differential equation with constant exponentials.
Example 4.1 consider the following multiplicative differential equation
yUy =1 (4.1)
With initial condition y(0) = e,y *(0) =1

Applying multiplicative sumudu transform to both sides and using the multiplicative linearity property of
multiplicative samudu transform, we get

Snly"} Sy} = Sm {1}

Now using previous result we obtain

@)
JO ) =1
y(0)iy* (0)

S ) = ot = olrz)

Y(©) = 5 (e} = e (4.2
5. Conclusion

In this paper, we have defined multiplicative Samudu transform for positive definite functions. It has been
demonstrated that this transform has basic properties such as linearity, convolution, shifting properties. The
existence of Multiplicative Samudu transform has also been proved. Finally, it has been shown that this
transform is an alternative method to find solutions of some multiplicative differential equations.

JETIR1901074 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 588


http://www.jetir.org/

© 2019 JETIR January 2019, Volume 6, Issue 1 www.jetir.org (ISSN-2349-5162)

References

[1] M. Grossman, R. Katz, Non-Newtonian Calculus, Lee Press, Pigeon Cove, MA, 1972.

[2] D. Stanley, A multiplicative calculus, Primus IX (4) (1999) 310-326.

[3] D. Campbell, Multiplicative calculus and student projects, Primus 9 (4) (1999).

[4] A.E. Bashirov, E. Misirh, A. Ozyapic1, Multiplicative calculus and its applications, J. Math. Anal.
Appl. 337 (2008) 36-48.

[5] A.E. Bashirov, E. Misirh, Y. Tandogdu, A. Ozyapici, On modeling with multiplicative differential
equations, Appl. Math. J. Chin. Univ. 26 (4) (2011)425-438.

[6] L. Florack, H. Assen, Multiplicative calculus in biomedical image analysis, J. Math. Imaging Vis. 42
(2012) 64-75.

[7] D.A. Filip, C. Piatecki, A non-Newtonian examination of the theory of exogenous economic growth,
Math. Aeterna (2014) (To appear).

[8] M. Mora, F. Cérdova-Lepe, R. Del-Valle, A non-Newtonian gradient for contour detection in images
with multiplicative noise, Pattern Recognit. Lett.33 (2012) 1245-1256.

[9] D. Filip, C. Piatecki, An overview on the non-Newtonian calculus and its potential applications to
economics, Appl. Math. Comput. 187 (1) (2007)68—78.

[10] D. Aniszewska, Multiplicative Runge—Kutta method, Nonlinear Dyn. 50 (2007) 265-272.

[11] F. Cérdova-Lepe, The multiplicative derivative as a measure of elasticity in economics, TEMAT-
Theaeteto Atheniensi Mathematica 2(3) (2006), on-line.

[12] N. Yalcin, E.Celik, A.Gokdogan “Multiplicative Laplace transform and its applications” Optik
2016.

JETIR1901074 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 589


http://www.jetir.org/

