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Abstract : In this paper, we have used the concept of b, - metric space. We aim to obtain the common coincidence and common
fixed-point theorems for two mappings on in b, - metric spaces. The concept of 2 - metric space was introduced by Gahler. Many
fixed-point results were also obtained for mappings defined on these spaces. Later Mustafa gave the new concept of b, - metric
spaces which are the generalization of both b-metric space and 2 - metric space. Some Fixed-point results for the mappings satisfying
the contractive type conditions are obtained on the b, - metric spaces.
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l. INTRODUCTION

The Banach fixed point theorem is very popular and useful theorem in Mathematics as well as in other subjects. In 1989, Bakhtin
[1] introduced the concept of generalized b—metric spaces. Boriceanu [2], and Mehmat Kir [3] extended the fixed point theorem in
b—metric space. Borkar [4] obtained the common fixed point theorem for non-expansive type mapping. Czerwik [5-6] presented the
generalization of the Banach fixed point theorem in b-metric spaces. Using this idea, many researchers presented a generalization
of the renowned Banach fixed point theorem in b-metric space. Agrawal [7] presented the existence and uniqueness theorem in b—
metric Space. Chopade [8] gave common fixed point theorems for contractive type mapping in metric space. Borgaonkar V. D. and
K. L. Bondar [9-10] have obtained the fixed point theorems in b -metric spaces. Roshan [11] obtained a common fixed point of four
maps in b—Metric space. Suzuki [12] obtained some basic inequalities and it’s applications in a b — metric space. In this paper, we
will obtain the fixed point theorem for a pair of mappings in b - metric space.

The notion of a 2-metric was introduced by Géhler in [14], having the area of a triangle in R? as the inspirative example. Similarly,
several fixed-point results were obtained for mappings in such spaces. Note that, unlike many other generalizations of metric spaces
introduced recently, 2-metric spaces are not topologically equivalent to metric spaces and there is no easy relationship between the

results obtained in 2-metric and in metric spaces. A generalization of both 2-metric space and b-metric space is introduced as a b,-
metric space by Zead Mustafa [15] in 2014.

In this paper, we prove some fixed-point theorems under various contractive conditions in b,-metric spaces.

1. SOME BASIC DEFINITIONS AND PRELIMINARIES

Definition 1.1: Let X be a nonempty set and let d : X3 — R be a map satisfying the following conditions:
1. For every pair of distinct points x, y € X , there exists a point z € X such that d(x,y,z) # 0.
2. If at least two of the three points x, y, z are same then d(x, y,z) = 0.
3. Symmetry:d(x,y,z) =d(x,z,y) =d(y,z,x) =d(y,x,z) = d(z,y,x) = d(z,x,7y).
4. Rectangular Inequality: d(x,y,z) < d(x,y,a) +d(y,z,a) + d(x,z a)

Then d is called as a 2-Metric on X and (X, d) is called as a 2- Metric space.
Example 1.1: Let X X X X X — R be defined by,
d(x,y,z) = min{lx — y|,ly — zl,|z — x|}
Clearly d is a 2-metric on X.
Definition 1.2: Let X be a non-empty set and s > 1 then d: X3 — R satisfying following conditions:
1. For every pair of distinct point x, y € X, there exists a point z € X such that d(x, y, z) # 0.
2. If at least two of the three points x, y, z are same then d(x, y,z) = 0.
3. Symmetry:d(x,y,z) =d(x,z,y) =d(y,z,x) =d(y,x,z) = d(z,y,x) = d(z,x,7y).
4. Rectangular Inequality: d(x,y,z) < s{d(x,y,a) + d(y,z,a) + d(x,z, a)}

Then d is called as a b,-metric on X and (X, d, s) is called as a b,-metric space.
Definition 1.3: Let {x, } be a sequence in a b,-metric space (X, d). Then
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1. {x,}issaid to be b,-convergent to x € X, written as lim x,, = x, ifforall a € X , lim d(x,,x,a) = 0.
n—-oo

n—-oo

2. {x,} issaid to be b,- Cauchy sequence in X if for all lim d(x,, X, a) = 0.

3. (X, d) ussaid to be b,-complete if every b,- Cauchy sequence is a b,-convergent.

Example 1.2: Let X = {0, 1%% ..... %} and the mapping d; = X X X X X - R be defined by,

dl(x,y,Z)={(xy+yZ+Zx)2 ifx#y#+z
0 otherwise
clearly, d; is a b,-metric on X and (X, d,, s) is a b,-metric space.

1

Example 1.3: Let X = {0, 1%% ..... ;} and the mapping d; = X X X X X - R be defined by, d,(x,v,2) = (x — y)*(y —

z)2(z — x)? clearly, d, is a b,-metric on X. (X, d,, s) is a b,-metric space.

I1l. MAIN RESULT

Theorem 3.1: Let (X, d, s) be a Complete b,-metric space withs > 1 P,Q:X — X be a self-maps on X, such that,
d(Px,Qy,a) < ald(Px,y,a) + d(x,Qy,a)] + Bld(Px,x,a) + d(Qy,y,a)] v v e (3.1)

holds for V x,y,a € X. Where, 0 < a < %and 0<p< % such that, a + B < i

Then, P and Q have a unique common fixed pointin X.

Proof:
Let x, € X be an arbitrary element of X. We define a sequence {x, } of distinct points in X as,

X2n+1 = PXZn and x2n+2 = Qx2n+1 Vn= 0, 1, 2 . (3. 2)
we claim that {x,} is Cauchy’s sequence.

Now, we will prove that, d(x,,, Xp41, Xns2) =0 VN EN.
Firstly, we will prove that d(x;5, X241, X2n42) = 0
Suppose d(Xzpn, Xon41) Xonez) >0 VN EN

o d(Xon, Xont1, Xon+2) = Ad(Xant2, Xon+1, Xon)

A(Qxzn+41, PXan, Xan) = d(PXan, QXani1, X20)

< ald(Xan41, Xon+1: X20) + d(Xon, Xons2, X2n) ] + Bld (Xant1) Xons X20) + d (Xons2) X211, X2n)]

o d(Xan, Xont1) Xons2) < B d(Xont2) Xont1s X2n)

o d(Xon Xons1 Xona2) < d(Xon42) Xon+1) X2n)

This is not possible.

~ we have d(X3n, X2nt1, X2n42) =0 vmnenN .. (3.3)

Now, we will show that d(x,,41, Xon+2, Xont3) =0 Vn € N.

Suppose, d(Xzn41, Xan42, X2n+3) >0 0.8 d(Xpni1) Xon42 X2n43) > 0.
Consider,

d(Xon+1) Xone2 X2n+3) = A(Xant3, Xons2 Xons1) = Ad(PXopi2, QXons1s Xone1)
< ald(PXzni2, X2nt1, Xan+1) + d(Xani2, QXani1, Xan+1)] +ﬁ[d(Px2n+2:x2n+2» Xon+1) + d(Qx2n+1, Xon+1, x2n+1)]

< ald(PxXan42, Xon+ 1) X2n+1) T A(X2nt2) Xons2, Xan+1)] +ﬁ[d(x2n+31x2n+2fx2n+1) + d(x2n+2»x2n+1, x2n+1)]

d(J_szp x2n+2'_x2n+3) < Bd(Xzn+1) X2nt2, Xan+3) < d(Xzns1s Xan+20 X2n+3)
This is not possible.

S We have, d(x2n+1,x2n+2, x2n+3) =0 VneN tes ves e (34)

In general, we have, d(x,,, Xp41,Xn42) =0 VN € N. e v e (3.5)

Now we will prove that, {x,} is Cauchy’s sequence in X.

Consider, for x5, # a and x,, # a,

d(X2n+1) X2n, @) = Ad(PX2n, QX3n-1, Q)

< a[d(Pxyp, X2n-1,@) + d(X2n, QX2p—1, )] + Bld(PXop, X230, @) + d(QX2p—1, Xopn—1, @)]

< ald(Xan+1, Xan-1, @) + d(Xop, Xon, )] + BlAd(Xon41, X2n » @) + d(X2n, Xon—1, )]

< afsd (Xpn41, Xan, @) + A (Xop, X2n-1, @) + 5d(X2n, Xon—1, X2n41)] +B[d (X2ns1, Xom , @) + d(Xop, X2n—1,a)]

Now, (3.5) gives,

Ad(X2n41, X2m, @) < A[Sd(Xpni1) X2n, @) + SA(Xon, Xon-1, Q)] + Bld(Xon 41, X2n , @) + d(Xap, X291, )]
(as + B) d(Xzn11, Xon, A)F (@s + B) d(Xzp, Xon—1,A) (1 — as — ) d(Xzn41, X200, @)
(as + B) d(x2p, X2pn-1, @)

IA A
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as+f

d(X2n4+1, X0, @) < [m] d(x2n, X2n-1, @)

d(Xon41) X2n, @) < T.d(Xgn, Xon—1, Q).

as+p
e f <1

Where, r = [

By continuing we get, Va # Xp12 Q@ # Xp4q

d(Xzn41, Xon, @) < T.d(Xop, Xop—1, @) <T2.d(Xpp_1, Xon_p, @) < -+ < 172".d (X1, X0, @).
In general, we have, d (X142, Xp41, @) < "1 d(xq, X, @).

Hence, we have,

lim d (x40, Xp41, @) = lim d(x,, Xp41,0) =0 e ven . (3.6)
n—-oo n—oo

Therefore, by definition, for every € > 0, there exists a positive integer N; such that,

€
d(Xpiq, X, a) < s vV n€N, e (3.7)

Now we will prove that {x, } is Cauchy’s sequence in X. i.e., for every € > 0, there exists a positive number N, such that,
d(xpm, x,,a) < € v m>nz2=N, e e (3.8)

We will prove (3.8) by using the method of induction.
Case-1 If m = n + 1, then by (3.7), we get,

€
d(Xm, Xp, @) = d(Xpyq1, Xp, @) < 35 V neN,

Hence, equation (3.8) holdsform =n+1
Case-11 Now we will prove that (3.8) holds for m = m’. Then we have,

d(xy, x,,,a) < 36—5 vm>n=N, e (3.9)
Case-111 Now we will prove that (3.8) holds for m = m’ + 1.
Consider,
d (X, Xt 41, @) < SA (X, X, @) + SA (X, Xt g, @) + SA (X, Xty Xt 1)
By (3.7) and (3.9) we have,

€+E] vm' > >N
—+ — m n=
3s  3s -

€
d(xp, X' 41, @) <S. [g +
Thus, by the principle of induction, (3.8) holds for all m > n.
Therefore {x,,} is Cauchy’s sequence in X.
As X is complete {x, } is a convergent sequence in X.
Suppose, lim x,, = x*, x* € X. Hence, lim x,, = lim x5,,; = x" e (3.10)
n—-oo n—-oo n—-oo

Now we will prove that x* is fixed point of both P and Q i.e. we claim that, Px* = Qx* = x".

If possible, suppose that, Px* # x™.
Thus, V a # Px* and a # x* we have d(Px*,x"*,a) # 0.
~d(Px*,x*,a) > 0.

Consider V a # Px* and a # x*,

d(Px*,x*,a)

< sd(Px™, x5y, a) + sd(Xyn, x*,a) + sd(Px*, x*, X3p)

< sd(Px*,Qxyp_1,a) + sd(x5n, x™,a) + sA(Px*, x", Xp)

S S{a[d(Px*' xZn—ll a) + d(x*, QxZn—l' a)] + B[d(Px*,x*, a) + d(QxZn—lﬂ x2n_1, a)]} +Sd(x2n' x*! a) + Sd(PX*! X*! xZn)
< s{a[d(Px*, xyp_1, @) + d(x*, Qxppn_q, )] + Bld(Px*, x*, a) + d Xy, Xop_1, )]} +5d (X3, x*, @) + sd(Px*, x*, X5p,)
< s{a[d(Px*, xypn_1, @) + d(x*, x5, @)] + Bld(Px*, x*, a) + d (X3, Xon—1, )]} +5d (X2, x*, @) + sd(Px*, x*, X5)

Letting lim on both sides then we get,

n—oco

lim d(Px*, x*, a) < lim s.{a[d(Px*, X3n_1, @) + d(x*, x5, )] + B[d(Px*, x*, a) + d (X3, Xon—1, )]}
n—-oo

n—oo

+ lim s.d(xyp,, x*, @) + lims.d(Px*, x*, x3,,)
n—oo

n-oo

JETIR2406521 ] Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | f208


http://www.jetir.org/

© 2024 JETIR June 2024, Volume 11, Issue 6 www .jetir.org (ISSN-2349-5162)

Thus, (3.6) and (3.10) gives,
d(Px*,x*,a) < s.{a[d(Px*,x*,a) + d(x*,x*,a)] + Bld(Px*,x*,a)]} +s.d(x*, x*, a) + s.d(Px*, x*,x*)

d(Px*,x*,a) < s.{a[d(Px*,x*,a)] + Bld(Px*,x* a)]}
d(Px*,x*,a) < (a + B)s.d(Px*,x*,a)

1
d(Px*,x",a) < 5 d(Px*,x*,a)

This is a contradiction since d(Px*,x*,a) > 0.
Therefore, we have,

Px* = x*

Therefore, x* is fixed point of P.

Now. we show that, x* is fixed point of Q i. e. d(Qx*,x*,a) = 0.
Suppose, Va # Qx* anda # x* d(Qx*,x*,a) > 0.

Consider Va # Qx* and a # x*,

d(Qx*,x*,a)

< sd(Qx*, X341, @) + SA(Xppi1, X7, @) +5d(Qx*, X%, X5 41)

< sd(Qx*, Pxyp, a) + sd(Xypi1, x5, a) + sd(Qx, x*, Xong1)

< sd( Pxyp, Qx*,a) + sd(xypiq, %, a) + sd(QX", X™, Xop41)

< s[oc[d(PxZn,x*, a) + d(xy,, Qx*,a)] + Bld(Pxy,, Xopn, @) + d(Qx*, x¥, a)]] +sd (Xypeq, x5, @) + 5d(Qx", X", Xops1)

< S[a[d(x2n+1' X*' a) + d(XZn' Qx*' a)] + .B[d(x2n+1' Xon a) + d(QX*' X*, a)]] +Sd(x2n+1t X*' a) + Sd(Qx*! X*, x2n+1)

Letting lim on both sides then we get,
n—oo

lim d(Qx",x",@) < lim s[a[d(xzns1, %", @) + d(xzn, Q" @)] + Bld(Xzn41, Xz @) + d(Qx", x", @)]]

+limsd (x40, x", @) + limsd(Qx*, x*, X3141)
n—-oo

n—oo

Thus, (3.6) and (3.10) gives,

d(Qx*,x",a)

< slald(x*, x*,a) + d(x*,Qx*, a)] + B.d(Qx*, x*, a)] + sd (x*, x*, a) + sd(Qx*, x*, x¥)
< slald(x*, Qx*, a)] + B.d(Qx*, x*, a)]

d(Qx*,x*,a) < (a + B)s.d(Qx",x*,a)

1
d(Qx",x",a) < Ed(Qx*.x*,a)

This is a contradiction since d(Qx*, x*,a) > 0.

Therefore, we have,

Qx* = x".

Therefore, x™* is fixed point of Q.

Hence, we have, Px* = Qx* = x* x™is common fixed point of P and Q.
Now we will prove that x* is a uniqgue common fixed point of P and Q.
Suppose y* is another common fixed point of P and Q.

~Py'=Qy' =y’

Now, we will prove that, x* = y™.

Suppose x* # y*

Therefore, Va # x* and a # y* we have d(x*,y*,a) # 0

Suppose d(x*,y*,a) > 0.

Consider,Va # x* anda # y”*

d(x",y",a) =d(Px",Qy",a)

< a[d(Px*,y*,a) + d(x*, Qy*,a)] + Bld(Px*,x*,a) + d(Qy*,y*, a)]
<ald(x*,y*,a)+dx*,y*,a)] + Bld(x*, x*,a) + diy*, y*, a)]
<ald(x*y*, a)+d(x* vy a)l

<2ad(x*,y*a)

This is not possible,
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Therefore, we have x* = y*
Hence, x* unique fixed point for the mapping P.
This completes the proof.

Corollary 3.1: Let (X, d, s) be a Complete b, —metric space withs = 1. P,Q: X — X are self-maps on X. Let any one of P and Q
is continuous. Suppose, P and Q satisfies (3.1), then P and Q has a uniqgue common fixed point in X.

Corollary 3.2: Let (X, d, s) be a Complete b, —metric space withs > 1. P, Q: X — X are both continuous self-maps on X satisfying
(3.1), then P and Q has a unique common fixed point in X.

1V. DISCUSSION AND THE CONCLUDING REMARK

In this paper, the b, — metric under consideration is not necessarily continuous we have proved the existence and uniqueness of
common fixed points for two mappings satisfying contractive type conditions in a b, — metric space.
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